Abstract: This paper addresses the achievable rate of single cell and sum rate of multi-cell orthogonal frequency division multiplexing (OFDM) index modulation (IM). The single cell achievable rate of OFDM-IM with Gaussian input is calculated using a multi-ary symmetric channel. Then, the cumulative distribution function (CDF) of multi-cell OFDM-IM is investigated by stochastic geometry. Furthermore, it is proved in this paper that the probability density function (PDF) of noise plus intercell-interference (ICI) in multi-cell OFDM-IM with quadrature amplitude modulation (QAM) follows a mixture of Gaussians (MoG) distribution. Next, parameters of the MoG distribution are estimated using a simplified expectation maximization (EM) algorithm. Upper bound of sum rates of multi-cell OFDM-IM is derived. Furthermore, analytic and simulated results are compared and discussed.
Introduction
The fifth generation (5G) cellular network is emerging to satisfy the unprecedented growth in data traffic and the number of connected devices. A key performance indicator (KPI) of 5G is the ability to provide smooth quality of user experience at cell edges, which requires above 1 Gbps data rates. Recently, orthogonal frequency division multiplexing (OFDM) index modulation (IM) [1] was proposed as one of the 5G enabling technologies, as it has advantages such as increase in per subcarrier transmit power and reduction in inter-cell interference (ICI). It was reported in [2] and [3] that the ICI of legacy OFDM networks follows a Gaussian distribution which caused most throughput degradation. However, the ICI of OFDM-IM is not Gaussian distributed. Therefore, OFDM-IM is able to provide room to optimize data rate at cell edges. The philosophy behind OFDM-IM is that only one of a number of OFDM subcarriers is active when transmitting symbols. In addition to the information carried by the transmitted symbol, the subcarrier index can also be used to convey information. The idea of conveying information via indexes was first proposed in the spatial domain, i.e., spatial modulation (SM) [4] . A variant version of OFDM-IM was proposed in [5] , where bits were divided into blocks of bits before the OFDM-IM modulator. Authors in [6] studied practical implementation issues of OFDM-IM such as maximum likelihood (ML) detector, log-likelihood ratio (LLR) detector, and impact of channel estimation errors. A low complexity ML detector for OFDM with in-phase/quadrature IM was discussed in [7] , which was implemented with a priori knowledge of noise variance. In [8] , additional interleaving was introduced to subcarriers in correlated channels, in order to provide extra diversity gain to the OFDM-IM. Later, the combination of OFDM-IM and SM was proposed in [9] , where the symbol domain, subcarrier domain, and spatial domain formed a three dimensional signal space. Then,
System Model
Let us consider a downlink multi-cell network using OFDM-IM, where a target user equipment (UE) is located at the origin. BSs are distributed as a homogeneous PPP with density λ. The set of all BSs is denoted as S and the set of BSs interfering the target UE is denoted as S ′ . Let α be the pathloss coefficient. Assume that the OFDM-IM system has N F subcarriers, then log 2 N F bits are conveyed by subcarrier indexes. N B is the number of BSs. Let F be the subcarrier index, which is a uniformly distributed random variable defined on {1, 2, · · · , N F } and let H ξ = {h ξ,1 , h ξ,2 , · · · , h ξ,N F } be the set of all channel coefficients from the ξth BS to the target user on these subcarriers. The channel coefficients h ξ,k (1 k N F ) are independently and identically distributed (i.i.d.) zero mean unit variance complex Gaussian random variables. In practice, this i.i.d. channel assumption can be achieved by introducing interleaving between subcarriers as [8] . The interleaving can be done via a pseudo random sequence, which is shared by the BS and UE, such that the BS and UE can map or de-map between the original subcarrier indices and the interleaved subcarrier indices. Throughout the paper, we assume that the target UE has perfect knowledge of the channel coefficients from the associated BS but no knowledge from other BSs. Let the ξth BS be the associated BS of the target UE. The distance between the ξth BS and the target UE is d and the distance between the lth BS and the target UE is d l (∀l = ξ). Then, the received signal Y of the target UE can be expressed as
where N is a zero mean complex Gaussian noise with variance σ 2 N , H ξ is uniformly distributed random variable defined on H ξ , X ξ is the transmitted symbol from the ξth BS to the target user, T ξ is the average received power (including transmit power, path loss, and shadow fading) from the ξth BS to the target UE, and I is the interference from other BSs. Thus, interference I can be written as
where ζ l = 1 if the lth BS is transmitting on the same subcarrier as the ξth BS and ζ l = 0 if the lth BS is not transmitting on the same subcarrier as the ξth BS. This is due to a basic property of OFDM-IM, which activates only one subcarrier in each transmission period.
Single Cell OFDM-IM
Achievable rate of OFDM-IM with QAM input and other finite constellation inputs can be found in [2] , [11] - [13] . However, closed-form expression for achievable rate of sing-cell OFDM-IM with Gaussian input is missing in the literature. Therefore, to fill this gap, single cell achievable rate of OFDM-IM with Gaussian input is analyzed in this section. Since single cell is considered, subscript ξ representing the ξth BS is dropped for brevity and the interference term I equals 0. Information of OFDM-IM is conveyed by the symbol X and the frequency index F . The achievable rate r in this paper is defined by the average maximum achievable mutual information between the information source (X, F ) and the destination Y , which can be characterized as Since the channel coefficient H is determined once the subcarrier index F is determined, the achievable rate of the single cell OFDM-IM generated by the symbol in terms of signal to noise ratio (SNR) ρ can be calculated using the achievable rate of the Rayleigh fading channel, i.e.,
where Ei (·) is the exponential integral [20] defined by Ei (−z) = − ∞ z e −t t dt. The SNR ρ can easily be controlled by adjusting the BS transit power to compensate path loss and shadow fading in a single cell scenario.
The calculation of r 2 is equivalent to determining how much information is retrieved from Y when the information is conveyed on a certain subcarrier F . The information retrieving process is not perfect because of the existence of noise. As a result, the subcarrier index may be incorrectly detected. LetF be the detected subcarrier index and P F =F be the subcarrier index detection error probability and denote P F =k∩F =l as the probability that the kth subcarrier is used whereas the lth subcarrier is detected. With the assumption that the channel coefficients on subcarriers are i.i.d., it can be observed that
Hence, the channel between F and Y can be abstracted by a N F -ary symmetric channel as depicted in Fig. 1 . The achievable rate r 2 (ρ) of a N F -ary symmetric channel depends on the subcarrier index detection error probability and can be presented as [21] 
where
is the binary entropy function defined by
In order to calculate r 2 (ρ), we need to compute P F =F (ρ) with the following lemma.
Lemma 1. The subcarrier index detection error probability can be presented as
and Φ(z) is the error
Proof. Conditioning on X, errors occur in the detection of the subcarrier index when the received signal power on the intended subcarrier is less then any one of the rest subcarriers. Due to the symmetry, it is sufficient to calculate the subcarrier index detection error probability assuming that the first subcarrier is used. Let Y k (1 k N F ) be the received signal on the kth subcarrier. Then, 
Since x follows a Gaussian distribution with zero mean and variance one, the PDF of x 2 is the Gamma distribution with degree of freedom one, i.e., p X 2 (z) =
. Unconditioning the frequency index detection error probability, P F =F (ρ) can be obtained as
Solving the integral [20] , (6) can be obtained.
Multi-Cell OFDM-IM
After deriving the single cell sum rate of OFDM-IM with Gaussian inputs in Section 3, multi-cell OFDM-IM is investigated in this section. In practical system, finite alphabet inputs are usually used instead of Gaussian inputs. Moreover, the impact of ICI needs to be studied. Therefore, OFDM-IM with QAM inputs is assumed in this section and other types of constellations can be obtained in a similar manner. The CDF of SINR, the PDF of noise plus ICI, and the multi-cell sum rate will be derived.
CDF of SINR
Since only one subcarrier of the target UE and the associated BS is active, the density of interfering BSs to the target UE is one N F th of the original BS density. Letρ denote the SINR and P T denote the transmit power of each BS. The derivation of the CDF of SINR is directly generalized from [16] . The normalized interference power I from other BSs transmitting on the same subcarrier to the target user can be computed as
The channel h ξ between the target user and his associated BS follows Rayleigh distribution. Hence, |h ξ | 2 is an exponentially distributed random variable. The CDF Gρ(ρ) of SINR can then be computed as [16] Gρ(ρ) = 1 − Pr
Using the Laplace transform of the exponential function and the probability generating func-tional [16] , the expectation part in (10) can be expressed as
Hence, the CDF Gρ(ρ) of multi-cell OFDM-IM can be expressed as
To avoid 0 at the denominator in (12), α should be larger than 2. Typical values of α are between 2 to 4.
PDF of Noise plus Interference
The exact PDF of noise plus ICI of multi-cell OFDM-IM with QAM inputs remained unanswered in the literature. Generalized Gaussian distributions were used to approximate the PDF in [2] and [3] . In this section, the exact PDF of noise plus ICI will be derived, showing that noise plus ICI is MoG distributed. Let Q = 2 N B −1 and denote ψ as the noise plus ICI, i.e.,
Theorem 2. The PDF p ψ of noise plus ICI in multi-cell OFDM-IM with QAM inputs follows a MoG distribution, i.e.,
Proof. In this proof, 4QAM is used for simplicity. The distribution of one ICI term , i.e. ψ l = h l X l ζ l , is first computed. It can be easily shown that h l X l ∼ CN (0, 1). Also, the PDF of ζ l for 4QAM can be expressed as
which is directly obtained from the fact that the subcarrier index is chosen uniformly. Next, according to the product distribution,
Hence, the PDF of one interference term is a weighted sum of a Gaussian function and a Dirac delta function. Using the properties of convolution, the PDF of the total interference can be expressed
where * denotes the convolution operator andω k 0 with kω k = 1. By adding the noise term, the PDF p ψ of noise plus ICI can be calculated as
where ω k 0 with
Lemma 3. The PDF p Y of the received signal Y in multi-cell OFDM-IM with QAM inputs follows a MoG distribution, i.e.,
Proof. This can be obtained directly from Theorem 2 and (1), because the desired signal also follows a Gaussian distribution.
Q need to be estimated. It is well known that the EM algorithm has been widely used to estimate parameters of MoG distributions. Detailed derivations of EM algorithm for MoG parameter estimation are beyond the scope of this paper. Interested readers can find details in [22] . In particular, for FQAM, the traditional EM algorithm [22] can be further simplified because the means of the channel, the transmitted symbol, the ICI, and noise are all zero. The simplified EM algorithm is presented in Fig. 2 . Assuming samples of the noise plus ICI are measured as {τ a } Ns a=1 . First, Ω and v are randomly chosen as initialization. Second, E step and M step are operated iteratively until a certain convergence condition is met. The number of Gaussian functions in (16) grows exponentially with the number of BSs, which is impractical due to high complexity. However, only a small number of BSs are dominating the total interference. In this case, a small number Q ′ (Q ′ << Q) of Gaussian functions will be sufficient to approximate the distribution of noise plus ICI. The parameters of the PDF p Y of the received signal, i.e.,
Q , can also be estimated via the same procedure.
Multi-Cell Sum Rate
The multi-cell sum rate r 3 of OFDM-IM is defined by the mutual information between the received signal and the information source as
1: Initialize Ω and v randomly 2: E step: Compute 
4: Repeat E step and M step until convergence condition is met. (21) is not feasible because of the summation inside the logarithm function, upper bounds of the sum rate can be evaluated. Since the entropy function H() is concave, using Jensen's inequality, H(Y |X, F ) is lower bounded by
On the contrary, H(Y ) is upper bounded by [24] To sum up, the multi-cell sum rate of OFDM-IM r 3 is upper bounded by
This upper bound provides insights in sum rate performance of multi-cell OFDM-IM.
Results and Analysis
Subcarrier index detection error probability and achievable rates of single cell OFDM-IM with different number of subcarriers are depicted in Fig. 3 and Fig. 4 , respectively. In both figures, analytic results match simulated results well. It can be observed in Fig. 4 that when the SNR is relatively low, the achievable rate contributed by subcarrier indexes is not significant. However, when SNR increases gradually, the gaps between achievable rates with different numbers of subcarriers first increase and then become stable. Fig. 5 shows single cell OFDM-IM achievable rate contributed by subcarrier indexes with different numbers of subcarriers and different SNR values. From (5), r 2 tends to zero when N F tends to infinity. This suggests that the benefit of increasing N F is diminishing and there is an optimal number of N F such that r 2 reaches its peak. Closed-from expression of the optimal value of N F is not available. However, this can be calculated by numerical results. It is shown in Fig. 5 that the optimal value of N F increases with the SNR.
In multi-cell simulations, thermal noise with power density −173 dBm/Hz [23] is assumed in the multi-cell network. Also, the bandwidth of each subcarrier is 15 kHz [23] . In this case, the noise power per subcarrier can be calculated by σ The SINR is larger when N F is larger, because the target UE has a smaller probability of being interfered, where ICI is more spreaded in the frequency domain. In addition, the simulated results reasonably well align with analytic results.
The PDF of the real part of noise plus ICI of multi-cell OFDM-IM with 4QAM inputs is illustrated in Fig. 7 . The total number of BSs is 19 and the inter site distance (ISD) is 100m. It be can observed that the MoG distribution derived in this paper fits simulation excellently. The generalized Gaussian model proposed in [2] [3] and the Gaussian model are also shown in Fig.  7 . However, these two models fail to match the realistic noise plus ICI well. The generalized Gaussian model is able to capture the peak while it does not model the spread well. On the other hand, the Gaussian model has better alignment with the PDF spread than the generalized Gaussian model, but it is not accurate to model the peak.
The upper bound of sum rates of multi-cell OFDM-IM with 4QAM is depicted in Fig. 8 . Single cell achievable rates with Gaussian input and 4QAM are included as reference. It can be observed that the sum rate of multi-cell OFDM-IM is at least approximately 20% worse than single cell results because of ICI. When the SNR is smaller, although the multi-cell result outperforms the other two single cell results, this is caused by the upper limit.
Conclusions
In this paper, single cell achievable rate and multi-cell statistical properties of SINR, ICI, and sum rate for OFDM-IM have been studied. It has been shown that the increase of the number of subcarriers does not improve the single cell achievable rate in the low SNR regime. The main 
